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THERMAL NOISE 
MEASUREMENTS

J. Randa
Electromagnetics Division

NIST, Boulder

NIST/ARFTG Short Course, Broomfield, CO, November 2006

• Outline
– Basics

• Nyquist, Quantum effects, limits
• Noise Temperature Definition
• Microwave Networks & Noise

– Noise-Temperature Measurement
• Total-power radiometer

– general
– simple, idealized case
– not so simple case

• Uncertainties
– simple case
– not so simple case—not today

• Adapters—not today
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• Outline (cont’d)
– Noise Figure & Parameters

• Noise Figure defined
• Simple, idealized NF measurement
• Noise Temp Definition Revisited (maybe)
• Noise parameters
• Wave representation of noise correlation matrix
• Measuring noise parameters
• Uncertainties 
• Measuring noise parameters on-wafer

– Checks & Verification of Noise-Parameters
• Passive structures
• Trev test
• Cascade test
• Sample results

– References

I.  BASICS

• Derivation:
– Electr. Eng. [1-4]
– Physics, Stat. Mech. [4]

• For passive device, at physical temperature 
T, with small Δf, 

fTkhfe
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Nyquist Theorem
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• Limits
– small f :  <Pavail> ≈ kBT Δf [1 – hf/(2kBT)]

≈ kBT Δf 
– large f :  → 0
– knee occurs around f(GHz) ≈ 20 T(K)

• Quantum effect
– h/kB = 0.04799 K/GHz
– So at 290 K, 1 % effect at 116 GHz

at 100 K, 1 % effect at 40 GHz
at 100 K, 0.1 % effect at 4 GHz
30 K @ 40 GHz → 6.4%, 0.26 dB
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NOISE TEMPERATURE

• What about active devices?  Can we define 
a noise temperature?

• Several different definitions used:
– delivered vs. available power
– with or without quantum effect

i.e., does Tnoise ∝ Pavail (“power” definition), or 
is Tnoise the physical temperature that would 
result in that value of Pavail (“equivalent-
physical-temperature” definition)?

• For passive case:

• Which do we preserve in defining Tnoise for 
general (passive & non-passive case)?

f
e

hffP kThfavail Δ
1

)( )/( −
=

fkTfPavail Δ≈)(

(Nyquist with quantum)

Small hf/kT ⇒
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• IEEE [5]: “(1)(general)(at a pair of 
terminals and at a specifice frequency) the 
temperature of a passive system having an 
available noise power per unit bandwidth 
equal to that of the actual terminals.”
and
“(4)(at a port and at a selected frequency) A 
temperature given by the exchangeable 
noise-power density divided by 
Boltzmann’s constant, at a given port and at 
a stated frequency.”

• We (I) will use second definition,
noise temp ≡ available spectral noise-power 
divided by Boltzmann’s constant.

• It is the common choice in international 
comparisons [6] and elsewhere [7].

• It is much more convenient for amplifier 
noise considerations, at least for careful 
ones.  (See discussion below, under Noise 
Figure and Parameters.)
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• So  Pavail ≡ kBTnoiseΔf
• And for passive devices,

• Convenient to define “Excess noise ratio”
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No matter what definition of noise temperature you choose,
it is helpful to state your choice.

T=9500 K  ⇒ ENR ≈ 15.02 dB

⎟⎟
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0
10log10)(

T
TTdBENR avail

avail T0 = 290 K

T=1000 K  ⇒ ENR ≈ 3.89 dB

MICROWAVE NETWORKS 
& NOISE [8,9]

• Assume lossless lines, single mode.
• Travelling-wave amplitudes a, b.
• Normalized such that Pdel = |a|2–|b|2 is 

spectral power density.

b a
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• Describe (linear) one-ports by

• And (linear) two-ports by
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• Delivered power:
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• Temperature translation through a passive,  
linear, 2-port (attenuator, adapter, line, ...)

1 2

G Ta

T2T1
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Say T1 = Ta , then T2 must = Ta , so
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TTf
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α
α
−=

+==

and therefore

aTTT )1( 211212 αα −+=

II.  NOISE-TEMPERATURE 
MEASUREMENT

• Radiometer: measures “radiated” power. For us, 
measures delivered power (in w.g. or 
transmission line), & we convert to available 
power & therefore to noise temperature.

• Two principal types of radiometer for noise-
temperature measurements are Dicke radiometer 
and total-power radiometer [10].

• Total-power radiometer is most common for lab 
use, & that’s what we’ll discuss.

Total-Power Radiometer [10-12]
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• NIST Coaxial Radiometer, General Features:
– Total-power radiometer, isolated (60 dB), 

baseband IF, double sideband, 5 MHz BW, 
thermistor detector.

Input

IF out

LO

Radiometer

Switch

C 5

Head

DUT

Synthesizer

T

IF Section

Multimeter
2.5--- V Dc

1

6

• Simple case: symmetric,
matched (all Γ’s = 0) 

Matched → pdel = pavail       Linear → P = a + bpdel = a + bpavail  
 
2 standards (h,c) determine a, b: 
 

cBTBbkacP
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So a = Pc − bkBBTc  
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bBkB −
−

=  

Then  )(
)1(
)1(

cThT
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Note: This could be written as
),(, recTrecinTrecGrecoutT +=
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• Not-so-simple case (unmatched, asymmetric)
Three complications:
– pdel = Mpavail

– pdel(to rad.) = η pdel(from source),
and ηx ≠ ηh ≠ ηc

– a, b = a(Γ ), b(Γ )

– Handle first two by measuring and correcting.

– For dependence of a and b on Γ, have three 
choices:

· tune so that Γh = Γc = Γx (very narrow frequency 
range, need special standards)

· characterize dependence on Γ (broadband, but a lot 
of work, and difficult to get good accuracy)

· isolate (easy, accurate, but limits frequency range & 
difficult at low frequency)



12

– If isolate, a and b are (almost) independent of 
the source, and

where Mx is the mismatch factor at plane x, ηx
is efficiency between plane x and plane 0, etc.
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• Simple case (matched): 

typically around 1 %
about 1 or 2%small uncert,

but linearity is 
a concern

Uncert “should”
be negligible
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For the ENR, this ⇒ u(ENR) ≈ 0.10 dB to 0.15 dB
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• Simple-case uncerts (cont’d)
– drift: temperature stability/control important

(effect minimized by frequent switching to 
standards)

– connector variability: hard to do much better 
than 0.1%, easy to do considerably worse.

– Δa, Δb (due to ΔΓ):  depends on details of 
system, can make a crude estimate:

Trev ∼ Te ,  ⏐ΔΓ⏐ ∼ 0.05 or 0.1

So ΔTin ∼ 0.05 or 0.1×Te

– linearity: serious concern if Tx very different 
from standards, less (but some) worry if Tx
near temperature of a standard.

0 1000 2000 3000 4000 5000 6000 7000 8000 9000 10000
T(K)

0

1

2
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7
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m

W
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• Uncertainties (more careful case)
(Numbers are for NIST case) [13,14]

– Radiometer equation: 

– Ambient standard:
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– “Other” standard:

– Path asymmetry: (zero if connect to same port)

– Mismatch:
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– Connectors:

– Other:  Nonlinearity, imperfect isolation, power 
ratio measurement, and broadband 
mismatch/frequency offset all lead to small 
(<0.1%) uncertainties for Tx around 10 000 K 
(for us/NIST).

%069.0%053.00,)(10
)( touGHzf

xT
aTu

xT
xTconnu ≈−=

(depending on connector type)

• uB(T)/T as a function of T
Standard relative uncertainty (1σ)
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• Measure T at 2, want T at 1.

Adapters

Radiometer
Adapter

Tamb
DUT

1 2

ambDUT TTT )1( 21212 αα −+=

So
21

212 )1(
α

α amb
DUT

TTT −−=

For a good adapter, α ≈ 0.95 – 0.99, depending on frequency.

Determine α from                                      or [15,16] or ….
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III.  NOISE FIGURE & NOISE 
PARAMETERS

• Want a measure of how much noise an 
amplifier adds to a signal or how much it 
degrades the S/N ratio.

Noise Figure Defined
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• Define Noise Figure, IEEE [17]:
(at a given frequency) the ratio of total 
output noise power per unit bandwidth to 
the portion of the output noise power which 
is due to the input noise, evaluated for the 
case where the input noise power is kB T0 , 
where T0 = 290 K.  (vacuum fluctuation 
comment)

• Noise figure & signal to noise ratio[18]:
F
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ampNKG

ampNKGinGS
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×
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=
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• Effective input noise temperature: 

Note:  G, F, Te all depend on Γsource.
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Sin , Nin
Sout = G Sin
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Define Namp ≡ GkBTe

So Nout = GkB(Tin + Te)

So Noise Figure becomes
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Th G Nout,h = GkB(Th + Te)

Tc G Nout,c = GkB(Tc + Te)
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Combine & solve:

Simple Case Measurement, all Γ ’s equal
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In terms of ENR:
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Advice:  Such approximations are useful in conversation or for
rough estimates & mental computations.  For any “real” computation, 
use the full, correct expression(s).  It only takes a few seconds of extra 
typing, and it can make a difference in the answer.
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• Quantum I: Equivalent black-body 
definition vs. “power” definition.

Noise-Temperature Definition Revisited

Nin Nout = GNin + Namp

“Power” definition:  N = kT,
then Nin = kTin , Nout = kTout , Namp = kGTe , 

so kTout = kG(Tin + Te)
and  Tout = G(Tin + Te)

“Equivalent black-body temperature” definition:   
1/ −

= kThfe
hfN  

so Nout = GNin + Namp  becomes (after dividing by k) 
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Solving for Tout , we would get 

( ) ( )
11

// 1
1

1
111ln

−−

⎪⎭

⎪
⎬
⎫

⎪⎩

⎪
⎨
⎧

⎥
⎥
⎦

⎤

⎢
⎢
⎣

⎡
⎟⎟
⎠

⎞
⎜⎜
⎝

⎛
−

+
−

+=
ein kThfkThfout eeGk

hfT  



20

• Quantum II: Vacuum-fluctuation contribution
– Continual “sea” of virtual particle-antiparticle pairs 

everywhere.
– Cannot extract energy from them (from the vacuum), 

but they can effect physical processes; & in particular 
they add noise to active electronic devices [19 – 21].

– They result in an additional effective input noise 
temperature of hf/2kB at the inut of an amplifier.

– This is very small, usually negligible at microwave 
freqeuncies, Tvac = 0.24 K at 10 GHz, but it is there, & 
there are some cases where it is not negligible [22].

– It results in a minimum output noise from an amplifier, 
Nout,min = Ghf/2.

– Not yet a general agreement on how to include Tvac in 
definition of noise temperatures.

– Can include it in Te (blame it on the amp) 

or can include it in Tin .
– We’ll include it in Tin [7, 22].
– Also a question of whether to include Tvac as part of the 

source TR (as in [7]) or as a separate input source [22].

TR

( )evacRout TTTGT ++=

Tin

Te
′

TR

( )evacRout TTTGT ++=

Tin

Te
′
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– I prefer keeping it as a separate input [22].

– One reason: case of large separation distance (especially 
in remote sensing, for example)

– Note: get same/consistent results, independent of which 
way you group things.

TR

TR

Tvac

• Simple case was 

• But that’s just for one value of Γsource.  Want 
to determine F or Te for any Γ source.  So 
parameterize dependence on Γ source.

• Several parameterizations in use; most 
common are variants of the IEEE [23] form.  

Noise Parameters, IEEE Representation

cout

houtch
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Y
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1

=
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• Equivalent circuit:

• (Noise out)/(Noise in) depends on impedance of input 
termination, NF = NF(ZS) or NF(ΓS), & Te = Te(ZS or 
ΓS),

Noisy
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=

( )22

2
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2
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4 parameters: Te,min , t = 4RnT0/Z0 , and complex Γopt .

Note: many equivalent forms of IEEE representation; this one is from [24].

• For microwave radiometry, wave 
representation [24 – 29] provides more 
flexibility.  

• Linear 2-port:
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• Noise correlation matrix is defined by

• Four real noise parameters:

*
jbibijN =

or *ˆˆˆ
jbibijN = for intrinsic noise matrix
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• So for Te we have

• Whereas IEEE parameterization is

• Can relate the two:

where
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• Many different methods [24, 26, 28, 30 –
41], most based on IEEE parameterization.

• Basic idea of (almost) all methods is to
– present amplifier (or device) with a variety of 

different known input terminations (Γ & T),
– have an equation for the “output” in terms of 

the noise parameters and known quantities
(Γ ’s,  T’s, S-parameters),

– determine noise parameters by a fit to the 
measured output.

– Need good distrib. of Γ ’s in complex plane.

Measuring Noise Parameters

• Can fit for noise figure [28]

Notes:
– Use tuner to get different Γ1, measure with Th

and Tc for each Γ1 to get NF for that Γ1.
– Must correct for tuner to get Tin at 1. Must 

calibrate receiver for each value of Γ2
(or have isolator in front of receiver).

Noise
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• Or can fit for output power [31, 42, 43]. 
This is the most popular method now.

In practice, first measure noise parameters 
of receiver,

Then measure DUT + receiver

and extract DUT noise parameters.

Tuner
Noise
Source Receiver

Γi Γrec

P

Th

Γi , Tamb

DUT P

DUTTuner
Noise
Source

Γ2i Γrec

Receiver P

Γi Γ1

Sij

• Noise-matrix approach [28, 29, 38, 44] to 
measuring noise parameters:
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• Noise-Parameter Uncertainties
– Monte Carlo method is probably the most 

practical [33, 44 – 47]
– Some general approximate features [44]:

• Uncerts in G and Tmin (& Fmin) are dominated by 
uncert in Th.  0.1 dB uncert in Th → ∼ 0.1 dB uncert
in G and Fmin.

• Uncerts in Γopt are dominated by uncerts in Γ G’s.  
Uncert in Re or Im Γ opt is ∼ 3 or 4× uncert in Re or 
Im Γ G (for 13 terminations).

• t (or Rn) is sensitive to just about everything.
• Tamb is not a major factor, because it is known much 

better than Th.  Note, however, that it could affect Th
or the amplifier properties.

• Just like amplifier noise parameters—only 
harder.

• Harder due to probes and to device 
properties.

• Complications due to Probes:
– Must characterize probes: on-wafer standards 
⇒ larger uncertainties for Γ ’s, S-parameters, 
Tin, Tout.

– Restricted range of Γ ’s (due to loss in probe).
– Potential contact problems, vibrations.

Measuring Noise Parameters on Wafer
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• Complications due to Device:

– If measuring an on-wafer amplifier, no 

additional device-related problems (assuming 

it’s well matched).

But for a transistor:

– Matching problems, large S11, S22 ⇒ larger 

corrections & therefore larger uncertainties.

– Large Γopt , near edge of Smith chart.

– Smaller noise figures/noise temps than amps.

Radiometer 
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•Procedure used at NIST [48, 49]:
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• Commercial Systems [e.g., 42, 43]: similar 
to general noise parameters (above), 
except that reference planes are on wafer.

• Must therefore calibrate at those reference 
planes on wafer.  Commonly done at 
probe tip, with an “off-wafer” cal set.

Tuner
Noise
Sources Receiver PProbe Probe

Wafer

Γi Γrec

System Cal:

DUT

Γ2i ΓrecΓi Γ1

Sij

Tuner
Noise
Sources Probe Receiver PProbeDUT Measurement:

• To get properties of device itself, must 
remove effects of lines between the 
calibration reference planes (P1 and P2) and 
the device reference planes (T1 and T2).  To 
do so, measure auxiliary standards (short, 
open) between planes T1 and T2, and 
“deembed” [50].

P1 T1 P2T2
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• NIST on-wafer calibration (Statistical) 
calibrates at center of through (M) and 
translates back (to D).  Would still need to 
“deembed” to get down to T.

12 μm back from
center of Thru

P D M
D

12 um
T

IV. NOISE-PARAMETER
CHECKS & VERIFICATION

• So how do we convince ourselves that our 
noise-parameter measurement results might 
be correct?

• Will give three tests:
– measure noise parameters of passive device, 

such as attenuator
– measure Trev

– Cascade test
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• Noise matrix of a passive device (such as an attenuator) 
is given by Bosma’s theorem,

• So for an attenuator at (noise) temperature Ta,

• So, measure noise parameters of an attenuator & see if 
you get the correct answers.  

Attenuator Test
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• Other passive devices as tests (especially on 
a wafer):
– Cold FET [51]
– Lange Coupler [52]

These have the advantage of being poorly 
matched, & therefore more similar to the 
devices of interest.
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• Trev test:  Measure noise temp from input of amplifier, 
when output is terminated in a matched load.

• Can show that for ΓLS21S12 small,

Trev Test [34, 38, 53]
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• So measure Trev, compare to value predicted from 
the value of X1 from the noise-parameter 
determination.

• If working in terms of IEEE parameters, convert, 
using
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Cascade Test [53]

• Connect an isolator 
(or other passive 2-port)
to amplifier input
& measure noise 
parameters of combination.

• X´ parameters can be written in terms of X
parameters (amp alone) and the S-parameters of 
amp and isolator.

• Using Bosma’s theorem and standard S-parameter 
algebra, can show

X, S

211´

X´, S´
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Note: could instead use an attenuator (for on wafer).

• Approximate expressions (for isolator case):
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X12' is small and (approximately) independent of amplifier;
excellent verification test.
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Samples of Test Results [53]

7 8 9 10 11 12 13
f(GHz)

50

55

60

65

70

75

80

85

90

95

100

T r
ev

(K
)

Measured Trev

Predicted Trev 

Trev Test

Error bars are standard uncertainties (1σ).

Tamb T1

1

Error bars are standard uncertainties (1σ).

Trev test on wafer [54]

0 5 10 15
f(GHz)

0

100

200

300

T 1
( K

)

Predicted from noise parameters
Direct measurement

0 5 10 15
f(GHz)

0

100

200

300

T 1
(K

)

NIST (direct measurement)
NIST (forward measurements only)
NIST (incl. reverse measurement)
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7 8 9 10 11 12 13
f(GHz)

280

285
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300
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315

X 1
'(K

)

Measured X1'
Predicted X1'

Isolator Test, X1'

Error bars are standard uncertainties (1σ).

7 8 9 10 11 12 13
f(GHz)
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X 2
'(K
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Measured X2'
Predicted X2'

Isolator Test, X2'

Error bars are standard uncertainties (1σ).
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7 8 9 10 11 12 13
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Error bars are standard uncertainties (1σ).
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2'(
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Measured ImX12'
Predicted ImX12'

Isolator Test, ImX12'

Error bars are standard uncertainties (1σ).
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Contact Information:

Jim Randa

randa@boulder.nist.gov
303-497-3150

http://boulder.nist.gov/div818/81801/Noise/index.html
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